We consider birational projective contractions f : X → Y from a smooth symplectic variety X over the complex numbers. Whenever convenient, we will assume that X is projective. We first show that these contractions are generically coisotropic. Then we specialize to divisorial contractions. We classify them in a natural way in terms of (Γ, G), where Γ is a Dynkin diagram of type A l , D l or E l and G is a permutation group of automorphisms of Γ. We show that the 1-dimensional fibres do not degenerate, except if the contraction is of type (A 2l , S 2 ). In that case we show that they do not degenerate in codimension 1. Furthermore we show that the normalization of any irreducible component of Sing(Y ) is a symplectic variety. We also provide examples for contractions of any type (Γ, G).
Lemma 2.1. Let f : V → W be a projective morphism of smooth, projective and complex varieties V and W . Then the diagram
Here f * is the map defined above and f * p,0 is the pull back of an (p, 0)form. The horizontal maps are the the isomorphisms given by Hodge theory and − denotes complex conjugation.
Proof. Since the isomorphisms H 0,p ∂ = H 0,p = H p,0 = H p,0 obviously commute with pull back of forms, it is enough to show that the diagram 
Note that Γ(W • , F), together with the appropriate differential maps, is a Chech resolution of F. Let C • W be the complex of sheaves on W with O W in degree 0 and zero in all other degrees. Let A 0,p W be the sheaf of (0, p)-forms on W . Then (A 0,• W , ∂) is a complex of sheaves and the morphism of sheaves ∂ : O W → A 0,1 W induces a morphism of complexes C • W → A 0,• W . By applying Γ(W • , −) we obtain a morphism of double complexes {Γ(W a , C b W )} a,b → {Γ(W a , A 0,b W )} a,b . Let V be an open affine cover of V , that is a refinement of f −1 W and do the same construction we just did with W now for V . Since by [GH, p.24] , ∂ V • f * = f * • ∂ W we obtain a commutative diagram of double complexes
Now we can take the cohomology of the total complexes and obtain a commutative diagram
where the horizontal maps are the Dolbeault-isomorphisms. This finishes the proof of the lemma.
Rational Curves on Symplectic Manifolds
Let (X, σ) be a quasiprojective symplectic manifold of dimension 2n. Let f : P 1 → X be a nonconstant morphism. By Mori theory, we know that f deforms in a family of dimension at least
Since X is symplectic, it follows that K X ∼ 0 and therefore f deforms in a family of dimension at least 2n. This is a crude estimate and we can do better in some cases.
Theorem 3.1. If X is projective, then f deforms in a family of dimension at least 2n + 1.
Proof. See [Ran, 5.1] .
Theorem 3.2. If X is quasiprojective and if f (P 1 ) ∼ = P 1 , then f deforms in a family of dimension at least 2n + 1.
Proof. Let C ∼ = P 1 = f (P 1 ). The symplectic form on X induces an isomorphism T X ∼ = Ω X . Since σ|P 1 = 0, the composition T C → T X |C ∼ = Ω X |C → Ω C is zero and we obtain a commutative diagram T X → T X |C → N C/X || || ↓ Ω X → Ω X |C → Ω C . Now we can take H 1 in the diagram. The map H 1 (Ω X ) → H 1 (Ω C ) is not zero, since it maps the class of any ample line bundle on X to the class of its restriction to C. This in turn implies that the map
is nonzero. This means, we can find a first order deformation of X, that does not extend C. But the theorem of Bogomolov-Tian-Todorov implies that any first order deformation of X extends to a global deformation. Therefore we find a 1-parameter deformation X of X, such that any deformation of f : P 1 → X stays in X. But f deforms on X in a family of dimension at least f * K X + dim X = 2n + 1, (note that K X ∼ 0) which proves the theorem.
Proof of Theorem 1.1
Let X, Y, f, D, D i , E i , r, σ as in Theorem 1.1. We prove the theorem in steps. For any 2-form α on a variety we define its rank to be the biggest number j, such that α ∧j is not generically zero.
Since ω X ∼ = O X , Grauert-Riemenschneider vanishing implies R p f * O X = 0 for all p ≥ 1. Therefore the Leray spectral sequence wrt. f : X → Y degenerates and we obtain that the map f * :
is the zero map for p > e i . By (2.1), it follows that
is the zero map for p > e i . In particular, (σ|D ′ i ) j is zero for 2j > e i . This shows that rk(σ|D i ) ≤ e i .
Proof. Let η be the generic point of D i . At η we interpret σ as a nondenegerate alternating bilinear form on the k(η)-vectorspace T X ⊗ k(η). Then σ|D i is at η obtained as the restriction of the bilinear form on the subspace Θ D ⊗k(η) ⊂ T X ⊗k(η). It is now easy to see that rk(σ|D i ) ≥ 2d i − 2n.
By [Kaw, Theorem 1] , we know that the exceptional fibres of f : X → Y are uniruled. Let F i ⊂ X be a generic fibre of D i → F i . Let φ : P 1 → F i be a rational curve that cannot be bent and broken in F i . Therefore
Since the image of φ in X gets contracted under f : X → Y , all its deformations in X stay in the exceptional set and we may assume that all small deformations stay in D i . Therefore
Since X is symplectic, it follows from (3.1), that dim [φ] M or(P 1 , X) ≥ 2n + 1. Therefore we obtain that 2d i − e i + 1 ≥ 2n + 1 and hence
But (4.1) and (4.2) imply that
Therefore we must have 2d i − 2n = e i , which proves the first and second claim of the theorem. It also follows that each rational curve on F i moves in a family of dimension at least 2 dim F i + 1. Then [CMSB, Theorem 1.1] implies that the normalization of F i consists of a number of projective spaces P d i −e i . This finishes the proof of the theorem.
Divisorial Contractions I
Let (X, σ) be a quasiprojective symplectic manifold of dimension 2n and let f : X → Y be a projective birational contraction. Let D ⊂ X and E ⊂ Y be the exceptional sets with their reduced structure. We suppose that E is irreducible and (2n − 2)dimensional. This implies that D is a Cartier divisor. Let D = D 1 ∪ · · · ∪ D r be the decomposition into irreducible components. We suppose further that f has only 1-dimensional exceptional fibres.
Proposition 5.1. (i) All exceptional fibres of f with their reduced structure are trees of P 1 's. (ii) A generic scheme theoretic exceptional fibre of f is an A-D-E configuration of P 1 's.
Proof. (i) Let F be an exceptional fibre with its reduced structure. Since ω X ∼ = O X , Grauert-Riemenschneider vanishing implies that R 1 f * O X = 0 and therefore H 1 (F, O F ) = 0. This forces F to be a tree of P 1 's.
Therefore it is a resolution of a Du-Val singularity. Its exceptional set is an A-D-E configuration of P 1 's.
Proposition 5.2. Let F ⊂ X be a generic exceptional fibre. Any two irreducible components of F ∩ D i are deformation equivalent.
Proof. Since F is a tree of P 1 's, we can find an irreducible component A ⊂ F ∩ D i that intersects at most one other irreducible component of F ∩ D i . We may suppose that F is an excepional set of a surface resolution S → T as in the proof of the last proposition. Then The cases (Γ, G) are as follows:
Proof. Γ is of type A l , D l or E l . We make a case by case analysis for the types of Γ. Suppose that Γ is of type A l . We label a vertex with i, if the curve corresponding to the vertex is contained in D i . The case (A l , {id}) corresponds to the labelling 1 − 2 − 3 − · · · − l.
Now suppose that we have started off labelling with
In view of the last proposition we conclude that • can only be labelled with k + 1, k, or k − 1. The first case gives nothing new. In the two other cases it is easy to see that we have to continue as follows:
Note that the graph must end on the right side just when we reach the label 1 again. Summarizing, we see that A 2l can be labelled 1 − · · · − 2l or 1 − · · · − l − l − · · · − 1 and A 2l−1 can be labelled 1 · · · − (2l − 1) or 1 − · · · − l − · · · − 1. We conclude that for Γ = A l we only obtain the cases (A l , {id}) and (A l , S 2 ) as stated in the theorem. The generator of S 2 acts on A l by the obvious involution. This finishes the proof of the theorem for the case Γ = A l . The other cases are dealt with using similar arguments. We leave the details to the reader.
Proposition 5.4. Let F ⊂ X be a generic exceptional fibre and let C i be some
Any such curve B is a P 1 , which we know must move in a (2n − 2)-dimensional family. Therefore B is deformation equivalent to some linear combination of components of F . Therefore N 1 is generated by the irreducible components of F . Since any two components of F ∩D i are deformation equivalent, it follows that N 1 is generated by the C i 's. To finish the proof it is enough to show that the intersection matrix M = {(C i .D j ) X } ij has nonzero determinant. We do a case by case analysis with respect to the classification in the last proposition. Denote by M (Γ, G) the intersection matrix, where Γ is the dual graph of F and G is the permutation group of automorphisms. Then it is easy to compute that
where C(∆) denotes the Cartan matrix of type ∆ (cf. [Hum, p. 59] ). Since all Cartan matrices have non zero determinant it follows that all intersection matrices M have non zero determinant, which finishes the proof.
Proposition 5.5. Let i be arbitrary. (i) For any sufficiently small ε > 0, (X, εD i ) is a klt-pair.
for some a j and b j . Note that all a j are > 0, since X is smooth. Combining both equations we obtain
Recall that (X, εD i ) is klt if a j + εb j > −1, all i and ⌊εQ⌋ ≤ 0. Both conditions are satisfied for ε > 0 sufficiently small. (ii) This is an immediate consequence from the last propostion.
(iii) This follow from (i), (ii) and the relative cone theorem [KM, p. 95 ].
6 Irreducible Divisorial Contractions
Basic Facts
We keep f : X → Y, D, E, n as in the last section and assume furthermore that D is irreducible. Let F ⊂ X be a generic exceptional fibre with dual graph Γ. Then (5.3) implies that Γ is either A 1 or A 2 .
Proof. Let I ⊂ O X be the ideal sheaf definining C ⊂ X. Take cohomology in the exact sequence
Then h 1 (Ω X |C) = 1 implies that α 1 = −2 and α 2 ≥ −1. But since X is symplectic we have Ω X |C ∼ = (Ω X |C) ∨ and therefore α i = α 2n−i for all i.
Therefore Ω X |C must be of the form
Now it follows from the sequence (1) that N C/X is of the desired form.
Let H ⊂ Hilb(X) be the irreducible component of the Hilbert scheme that contains an irreducible component of some generic f -exceptional fibre. Let π : U → H be the universal family. We have the following diagram
Proof. (i) Any irreducible, reduced exceptional curve C is a P 1 and it moves in X in a family of dimension at least 2n − 2. Therefore the unbroken deformations of any such C dominate D. Let B be some deformation of C and B ′ ⊂ B an irreducibe, reduced component. The unbroken deformations of B ′ dominate D and therefore B ′ is deformation equivalent to C. Since C is also deformation equivalent to B, it follows that B ′ is deformation equivalent to B. This is only possible if B ′ = B. This shows that all deformations of C are reduced P 1 's.
(ii) Since π : U → H is flat and all fibres are smooth, it follows that π is smooth. (iii) By (3.2), we know that each rational curve in X moves in an at least (2n − 2)dimensional family on X. Therefore dim H ≥ 2. But (6.1) implies that for each
Since all reduced fibres of π : U → H are mapped isomorphically via φ to D, it follows that B = π(A) must be a curve. All π-fibres over B have images under φ that pass through the point p = φ(A). Therefore they are all contained in
Since dim F = 1 and dim π −1 (B) = 2 and for each b ∈ B, the map
is an isomorphism, we can find two points
But this contradicts the universal property of the Hilbert scheme.
Let Y ′ be obtained from Y by taking 2n − 3 generic hyper plane sections and let U ′ , H ′ , X ′ , D ′ , E ′ be obtained by the base change Y ′ → Y . Since the hyper planes are generic we may assume the following.
• Y ′ is an irreducible and normal 3-fold.
• X ′ is a smooth irreducible 3-fold.
• H ′ is a smooth curve (possibly with several connected components).
• U ′ is a smooth surface (possibly with several connected components).
• E ′ is an irreducible and reduced curve.
Since f : X → Y is a crepant contraction, adjunction implies that X ′ → Y ′ is also a crepant.
The Case
Let us assume that (Γ, G) = (A 1 , {id}).
Theorem 6.4. D and E are smooth. f | D : D → E is a smooth morphism all whose fibres are P 1 's.
Before we give the proof we want to recall the following result of Wilson.
Theorem 6.5. Let V → V ′ be a crepant contraction of a smooth, projective 3-fold, that contracts an irreducible surface S ⊂ V to a curve C. Then C is a smooth curve.
Proof. The result is stated and proved in the case of a contraction from a projective Calabi-Yau threefold in [Wi, 3.1] . Note however that the proof is entirely local, so the assumption that V be projective and Calabi-Yau can be weakend to the assumption that the contraction be crepant.
Proof of Theorem 6.4. Since Γ = A 1 it follows that a generic exceptional fibre is a single P 1 . Therefore ψ : H → E is birational. Since E ′ is irreducible this implies that H ′ is irreducible and therefore also U ′ and D ′ . In particular, the birational contraction f ′ : X ′ → Y ′ satisfies the conditions of (6.5). We deduce that E ′ is smooth. Since E ′ is a generic curve on E, this implies that E is regular in codimension 1. Let E sm ⊂ E be the regular locus and D sm ⊂ D its inverse image in D. Since D sm is Cohen-Macaulay, E sm smooth and f | D sm : D sm → E sm equidimensional, it follows that f | D sm : D sm → E sm is flat. Therefore it exhibits a family of curves in X, which, by the universal property of the Hilbert scheme, yields a map D sm → U , such that the composition D sm → U φ → D is the embedding. Since U is smooth, this implies that D sm is smooth and therefore D is regular in codimension 1. Since D is Cohen-Macaulay it follows that D must be normal. But φ : U → D is the normalization map. Therefore U ∼ = D and in particular D is smooth. Consider the short exact sequence
This implies that E is in fact normal. Since ψ : H → E is the normalization, it follows that H ∼ = E and that E is smooth. In particular we have (U → H) ∼ = (D → E) and therefore D → E is a smooth morphism all whose fibres are reduced P 1 's.
. Since I is f -ample, it follows that in the diagram
the composition I/I 2 → (I/I 2 ) ∨ is zero and that we get a surjective map Ω D → (I/I 2 ) ∨ . The composition
. Therefore we obtain an isomorphism Ω D/E ∼ = (I/I 2 ) ∨ . We can now calculate as follows
Finally the projection formula f
Let us now assume that (Γ, G) = (A 2 , S 2 ). We aim to prove the following result.
Theorem 6.7. After possibly deleting a closed subscheme of codimension ≥ 4 in Y the following is true.
Since Σ ∼ = H, it follows that the composition T Σ → T U |Σ → π * T H |Σ is an isomorphism. Therefore the composition T U/H |Σ → T U |Σ → N Σ/U is an isomorphism. It follows that we have the following commutative diagram
which can be completed to the following diagram
The symplectic 2-form σ on X gives an isomorphism Ω X ∼ = T X , from which we can get the following diagram
Since O X (−D) is f -ample, it follows that the composition N ∨ D/X → N D/X must be zero. Therefore we obtain a map N ∨ D/X → θ D . Pulling this back to U yields a nonzero map
it follows that the composition, obtained by the diagram (2), φ * N ∨ D/X → T U (− log Σ) → π * T H is zero and therefore we have a nonzero map Since φ(Σ) ∼ = E and H ∼ = Σ, we see that τ := σ ∧n−1 |φ(Σ) gives a non zero global section of ω E . Since ω H is trivial and H → Eétale, this implies that ω E is trivial.
Let us now turn to the proof of the theorem. Since φ : U → D exhibits the normalization of D, we can consider the conductor ideal c ⊂ O U with respect to φ. It defines a closed subscheme Ξ ⊂ U , which is of pure codimension 1, since D satisfies Serre's condition S 2 . Since the generic fibre of D → E consists of two P 1 's that meet in a single reduced point, it follows that we can find an irreducible component Σ ⊂ Ξ, such that π| Σ : Σ → H is dominant. Since the meeting point of the two P 1 's is reduced, it follows that Σ is generically reduced. Since Σ is of pure codimension 1 in U it follows that it is reduced.
The morphism Σ → H is proper and birational. Let Y 0 ⊂ Y be an open subset and Σ 0 , Ξ 0 , U 0 , H 0 , X 0 , D 0 , E 0 be obtained by the base change Y 0 → Y . We choose Y 0 maximal, such that Σ 0 → H 0 is an isomorphism. Since H is smooth, it follows that the locus in H, where Σ → H is not an isomorphism is of codimension at least 2. In particular, the complement of Y 0 ⊂ Y has codimension at least 4.
Since E ′ ⊂ E is a generic curve on E, we may assume that E ⊂ E 0 .
. By definition, we can factor φ :
Claim 6.9. T → D 0 is an isomorphism. In particular, Σ = Ξ.
Proof. Since D 0 satisfies S 2 , it is enough to show that T → D 0 is an isomorphism in codimension 1.
Then we can apply (6.5) to f ′ : X ′ → Y ′ . We deduce that E ′ is smooth and all fibres of D ′ → E ′ are two P 1 's that meet in a point. In particular, the normalizationD ′ → D ′ is a smooth ruled surfaceD ′ → C, where C → E ′ is anétale cover of degree 2. SinceD ′ → C exhibits a family of rational curves in X there is a mapD ′ /C → U/H. Since C → H ′ is birational and H ′ is smooth, it follows that C → H ′ is an isomorphism. Therefore we can obtain D ′ from
i to a curve, say C i . We can apply (6.5) and deduce that C i is smooth. Therefore D ′ i → C i is flat with generic fibre a single P 1 . Since these P 1 's cannot degenerate it follows that all fibres are P 1 's and that D ′ i → C i is a smooth ruled surface. In particular, the definition of the Hilbert scheme implies that there is a morphism
Note that the composition S → F is an isomorphism in codimension 1. Since D ′ satisfies S 2 it follows that S → D ′ is an isomorphism. Since S ∼ = T ′ by construction, it follows that T → D ′ is an isomorphism.
Claim 6.10. ∆ 0 is normal.
where∆ 0 is the normalization of ∆ 0 , which is an isomorphism in codimension 1. Since D 0 satisfies S 2 it follows that α must be an isomorphism and therefore∆ 0 ∼ = ∆ 0 . Claim 6.11. Σ 0 → ∆ 0 isétale of degree 2 over the smooth locus of ∆ 0 .
Proof. The proof of (6.9) implies that Σ 0 → ∆ 0 isétale of degree 2 in codimension 1. Therefore the purity of the branch locus implies that Σ 0 → ∆ 0 isétale over the smooth locus of ∆ 0 .
Claim 6.12. ∆ 0 is smooth.
Proof. Suppose not. We may assume that the singular locus of ∆ 0 contains a component of dimension k. Let Y ⊂ Y be obtained by taking k generic hyper plane sections and let X, D, E, etc. be obtained by the base change Y → Y . Then Σ 0 → ∆ 0 iś etale of degree 2 outside a finite number of points. Let p ∈ ∆ 0 be a singular point.
Then locally analytically at p, Σ 0 → ∆ 0 can be described by
where the generator of Z/2Z acts via
x j |i, j = 1, . . . , n]] it follows that ∆ 0 has embedding dimension 1 2 l(l + 1). But l = 2n − 2 − k and ∆ 0 ⊂ X 0 with X 0 smooth, it follows that
This is only satisfied for l ≤ 2. Since ∆ 0 is normal it follows that l ≥ 2. Therefore
is a P 1 -bundle with a section Σ 0 , the bundle is locally trivial in the Zariski topology and therefore π −1 (Spec A) = P 1 × Spec A. We may assume that U 0 is on an open affine patch over Spec A given by Spec A[z] and Σ 0 is defined by (z = 0). Let B = A Z/2Z be the ring of invariants of the Z/2Z-action, i.e. B = O ∆ 0 ,ψ(h) . We can describe the cofibred sum square
In other words,
Clearly, these elements are independent generators of m R /m 2 R . Therefore the embedding dimension of D 0 is at least six. This is a contradiction.
Claim 6.13. E 0 ∼ = ∆ 0 . In particular, E 0 is smooth.
Proof. Since U 0 , Σ 0 and ∆ 0 are smooth, it follows that D 0 = U 0 ⊕ Σ 0 ∆ 0 → E 0 factors through the normalizationẼ 0 of E 0 . In particular, D 0 →Ẽ 0 → E 0 is the Stein factorization of D 0 → E 0 . Since ∆ 0 → E is birational and finite and since ∆ 0 is smooth, it is enough to prove that E 0 is normal. For that it is enough to show that
Divisorial Contractions II
We consider a contraction f : X → Y as in section 5. We assume the notations and results of that section. We have classified such f in terms of (Γ, G), where Γ is an A − D − E diagram and G is a permutation group of automorphisms of Γ. If f is of type (A 2l , S 2 ) we allow to delete a closed subscheme of codimension ≥ 4 in Y .
Proof. By (5.5), we can for each component D i of D find a factorization X → Z i → Y , such that X → Z i contracts only D i . The contraction X → Z i is irreducible and either of type (A 1 , {id}) or type (A 2 , S 2 ). Therefore we can apply (6.4) or (6.7) respectively to obtain that the locus of singularities F i ⊂ Z i is smooth and that D i → F i is a flat bundle all whose fibres are either P 1 's or two copies of P 1 's that meet in a single point. Moreover (6.6) or (6.8) implies that ω F i is trivial. In the following we will have to do a case by case analysis with respect to the (Γ, G)-classification.
(i) An inspection of all cases reveals that we can always find some component of D, say D 1 , such that F 1 → E is birational. Since this morphism is also finite and F 1 is smooth, it follows that F 1 → E exhibits the normalization of E and in particular, E is smooth.
(ii) Suppose S = D i ∩D j is nonempty. Since D 1 and D 2 are divisors in X it follows that S is Cohen-Macaulay and (2n − 2)-dimensional. Since the f -exceptional curves of D i and D j are not numerically equivalent, it follows that S does not contain fexceptional curves. Therefore S → E is a finite and surjective morphism. By looking at a generic f -exceptional fibre we conclude that S is generically reduced. Since it is Cohen-Macaulay it is reduced. An inspection of all cases reveals that at least for one of i and j, say i we have that S → F i is birational. Since F i is smooth it follows that S → F i is an isomorphism and in particular S is smooth and ω S is trivial. Since S is smooth it follows that S → E factors throughẼ. Since ωẼ is also trivial it follows that S →Ẽ isétale.
(iii) D is obtained by glueing the various D i along D i ∩ D j . Since all morphisms D i → E and D i ∩ D j → E factor throughẼ it follows that D → E factors through E.
(iv) Since D is Cohen-Macaulay, D →Ẽ is equidimensional andẼ is smooth, it follows that D →Ẽ is flat. By (6.4) and (6.7) it follows that D i → F i have constant fibres and since F i →Ẽ isétale, it follows that D i →Ẽ has constant fibres. Therefore all fibres of D →Ẽ have the same number of components. In order to show that the fibres are constant it remains to show that the intersection behaviour of the fibre components stays constant. But since any fibre component C ⊂ D i can be deformed to a component C ′ of a generic fibre it follows that (C.D j ) X = (C ′ .D j ) X . Therefore the intersection behaviour stays constant.
Recall that, since f is crepant, we have R 1 f * O(A) = 0 for any f -nef A. We do a case by case analysis with respect to (Γ, G).
(A l , {id}). It is easy to check that −D is f -nef. Therefore R 1 f * O X (−D) = 0 and we are done.
(A l , S 2 ). It is easy to check that −D is f -nef. Therefore R 1 f * O X (−D) = 0 and we are done.
(D l , {id}). We label the components of D as 
(D l , S 2 ). For this and the remaining other cases we apply the same procedure as above. We specify divisors A 1 , . . . , A m , such that A 1 is f -nef, A m = −D and such that for all j we have A j+1 − A j = D i j for some i j . Moreover we will also have that O D i j (A j+1 ∩ D i j ) has degree ≥ −1 on each f -exceptional curve. This allows us to conclude that R 1 f * O X (−D) = 0. We label the components of D as follows. We define the A j 's as A j = −D − l−2 i=j+1 D i for j = 1, . . . l − 2. (D 4 , S 3 ). We label the components of D as follows.
h h h ḧ r r r r {id}) . We label the components of D as follows. We define
(E 6 , S 2 ). We label the components of D as follows. {id}) . We label the components of D as follows. We
To define the other A j 's we add successively the components D 7 , D 6 , D 5 , D 2 , D 4 , D 5 , D 3 , D 4 , D 6 , D 5 .
(E 8 , {id}). We label the components of D as follows. We define
To define the other A j 's we add successively the components
We have now dealt with all possible cases. This finishes the proof. In case of type (A 2l , Z 2 ) we allow to delete a closed subscheme of Y 1 of codimension ≥ 4. Let f 1 , X 1 , E 1 be obtained by the base change Y 1 → Y . Then f 1 : X 1 → Y 1 satisfies in a neighbourhood of E 1 the conditions of (1.2) and therefore we can conclude that E 1 is smooth and ω E 1 is trivial. Since the complement of E 1 ⊂ E has codimension at least 2 it follows that ωẼ is also trivial.
(ii) Let E ′ →Ẽ be a resolution of singularities and let D ′ → D × E E ′ a resolution of singularities. Let g : D ′ → E ′ and h : D ′ → X. We get a commutative diagram
We can apply (2.1) to obtain that for some ε ∈ H 0 (E ′ , Ω 2 E ′ ) we have g * ε = h * σ. Since σ is symplectic, it follows that h * σ n−1 is non zero. Therefore ε n−1 is non zero. Since ωẼ is trivial, ε is non degenerate on the smooth locus ofẼ. ThereforeẼ is a symplectic variety.
Examples
Example 1. The following is well known. See [Slo] or [Hin] for a reference. Let G be a simple algebraic group and B ⊂ G a Borel subgroup. Let X = T * (G/B) and let Y be the nilpotent cone of g, where g is the lie algebra of G. There is a birational morphism f : X → Y and Sing(Y ) has codimension 2 in Y . Let f 1 : X 1 → Y 1 be the restriction that deletes all fibres of dimension ≥ 2. Since X is a cotangent bundle, it carries a natural symplectic form. Therefore f 1 satisfies the conditions of (1.2) and we can associate a type (Γ, S m ) to it. The type of G determines the type of f 1 . This is known as Brieskorn's theorem and the correspondence is as follows.
Note that this gives examples for all types of contractions except (A 2l , S 2 ).
Example 2. We are going to construct an example for a contraction of type (A 2 , S 2 ) from a projective symplectic variety. Let E be the elliptic curve, which has an automorphism ε : E → E of order 3. The automorphism ε × ε −1 on E × E has also order 3 and we let S = E × E/ < ε × ε −1 >. Let res : T → S be a minimal resolution. The origin (0, 0) ∈ E × E is an isolated fixed point of action and its image s ∈ S is a finite quotient singularity of type 1 3 (1, 2), which is a Du-Val singularity of type A 2 . The exceptional fibre F = res −1 (s) consists of two (−2)-curves meeting in a point.
Note that ε × ε −1 preserves a global generator of ω E×E . It follows that T is a K3-surface.
Let f : E × E → E × E be given by (x, y) → (−y, x). Then f is an automorphism of E × E of order 4. f preserves ε × ε −1 -orbits and f preserves also a global generator of ω E×E . Therefore f induces automorphisms g : S → S and h : T → T of order 4. Note that h preserves a global generator of ω T . Note also that h exchanges the two components of F .
Let A be an abelian surface and let a : A → A be the translation by a 4-torsion point. Then h×a is an automorphism of order 4 on T ×A and g×a is an automorphism of order 4 on S × A. Starting from res × id : T × A → S × A we can quotient out the action of h × a and g × a to obtain a contraction f : X → Y . Since h × a is fixed point free, it follows that X is smooth. Let τ be a global generator of ω T and let α be a global generator of ω A . Let p and q be the projections from T × A to the first and second factor respectively. Then p * τ + q * α is a symplectic 2-form on T × A, which is invariant under h × a. Therefore X is a symplectic 4-fold. The exceptional fibres of f consist of two P 1 's that meet in one point. The exceptional set D in X is F × A/ < h × a >, which is irreducible. Therefore f : X → Y is a divisorial contraction from a symplectic 4-fold of type (A 2 , S 2 ).
